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Abstract 

It is shown in this paper that multiplicative cohomology theories E that are rationally 
even - a technical condition that is often satisfied - the Hopkins-Singer construction of gener- 
alized differential cohomology E has a unital, graded commutative multiplicative structure. 
To this end, a more explicit integration and a differential cohomology theory for pairs are 
also developed. 

1 Introduction 

The idea of differential cohomology theory is to combine geometric and cohomological infor- 
mation of manifolds. The many historical examples are embraced by the following descrip- 
tion by |BS10| : Let E be a generalized cohomology theory and let V* = E*{pt) <S)z K denote 
the graded coefficient vector space. A differential extension of E is a contravariant functor 
E* from smooth manifolds to graded Abelian groups together with natural transformations 

; V)/im(d) E*, E* U* l (—;V), and E* E* such that for any smooth mani- 
fold M the following diagram commutes and has an exact upper horizontal line: 

E*- 1 (M) Q*~ 1 (M; V) /im(d) — ^ E* (M) E* (M) 



ch 



n* d (M;V) ^H*(M;V) 

Such a differential extension is called multiplicative if E is a functor into graded commutative 
rings, if / and R are unital ring homomorphisms, and if 

a(G) U x = a(G A R{x)) VG G O n_1 (M; V), x e E m (M). 

Historically, the first examples were for E = WL and appeared as the sheaf-theoretic Deligne 
cohomology (see for instance |Gaj97| ) and as Cheeger-Simons differential characters. These were 
defined in [CS85J to provide a natural home for secondary invariants that can take more geometry 
of say a Riemannian manifold into account. Much later, another model for ordinary differential 
cohomology was introduced in [BKS10J using stratifolds. The question whether the various 
constructions of ordinary differential cohomology yield isomorphic theories was answered by 
[SS08J and subsequently the case of generalized cohomology was dealt with in |[BS10|. establishing 
criteria when this is true. 

Differential refinements of K-theory were studied by |Lot94j and [BS09J with which most 
notably a refinement of the families index theorem may be proven |FL10| . On the other hand, 
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|FreOO| and [FHOOj exhibit the importance of differential /T-theory in mathematical physics, 
where it may be used to encode charge quantization phenomena. 

Another broad class of examples was defined in [BSSW09J were it is shown that every Landwe- 
ber exact cohomology theory may be refined to a multiplicative differential cohomology theory. 
Finally, [HS05J use abstract homotopy theory to construct differential refinements of arbitrary 
generalized cohomology theories. Unfortunately, starting with a multiplicative cohomology the- 
ory, this general construction does not have obvious multiplicative properties, which is what we 
will take up in the present paper. 

Roughly speaking, the construction in [HS05] starts by representing E by an O-spectrum E n 
and choosing a refinement of the generalized Chern character 

E n (X) = [X,E n ] A H n (X; V), [f] ^ f*[t n ], where [t n ] = ch(id En ), 

to maps and cochains E^ — > C n (X; V). This is not canonical, and the different possibilities are 
the choices of fundamental cocycles i n £ C n (E n ;V) representing the fundamental cohomology 
classes [i n ]. At this point many difficulties arise since different choices of fundamental cocycles 
lead to non-canonically isomorphic differential extensions. To carry over a construction, like a 
product, to differential cohomology all the structure needs to be refined in a manner compatible 
with the fundamental cocycles. We will deal with this issue by cutting down the non-uniqueness 
in even dimensions and demanding a compatibility with the so-called integration map. That is, 
we will work with cohomology theories that are rationally even, meaning that E*(pt) is torsion 
in all odd degrees. This is a class of cohomology theories that contains most of the cohomology 
theories of interest, e.g. oriented cobordism MSO, unoriented MO cobordism, and complex 
cobordism MU, stable cohomotopy theory 7r*, ordinary cohomology HA with coefficients in an 
Abelian group A, real, complex, and quaternionic i^-theory, Brown-Peterson cohomology BP, 
Morava i^-theory K(n), John- Wilson theory, and elliptic cohomology theories (but not algebraic 
i^-theory - thanks to U. Bunke for pointing this out to me). 

The main results of this paper are the following two theorems: 

Theorem. Let E be a rationally even, multiplicative cohomology theory. Then, there exists a 
differential extension E* to a multiplicative differential cohomology theory. Moreover, the product 
structure is compatible with the integration map. 

Here, by an integration map on E we mean a natural transformation f sl from £ ; * +1 (S' 1 x — ) 
to E* which lifts the following map on generalized cohomology 

/ : E n+l {S l x M, 1 x M) ^ £ n+1 (£M+) E n (M + ) = E n (M) 
Js 1 

and is compatible with /, R, and a and satisfies, in addition, certain reasonable assumptions, 
compare with section 3. 

Theorem. For closed submanifolds N C M there is a differential cohomology of pairs E*(M, N) 
with the expected properties; there is a natural long exact sequence 

E^ a l(N) E n (M, N) E n (M) E n (N) E n+1 (M, N) 
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Notation 

Let A C X. Singular chains C n (X,A), cochains C n (X, A), and cohomology are understood to 
have real coefficients. Cocycles and coboundaries will be denoted by Z n (X,A) and B n (X, A) 
respectively. We will make deliberate use of the Acyclic Models Theorem. Reduced cohomology 
and cochains will be indicated by an upper tilde. The space of closed differential forms will by 
denoted by f2^(M). For a graded vector space V set 

C n (X,A;V)= d(X,A;V j ), 

i+j=n 

C n (X,A;V)= H C i (X,A i V j ) = Bomjt(C n (X,AiV),R), 

i+j=n 

n n (M;V)= Yl W(M;V j )= tf(M;V j ). 

i+j=n i+j=n 

If M is a manifold and i : N C M a, closed submanifold we will write C"(M, N) for the complex 
of smooth cochains, i.e. homomorphisms on smooth chains C^(M) = (J) R which are 

a:A n ^M smooth 

zero on C^(N). The relative deRham complex is defined by 0*(M, N) = {lo € Q*(M) | i*uj = 0}. 
We then have a short exact sequence 

o -> n*(M,N) n*(M) -> n*(jv) -> o (i) 

Fix the standard Eilenberg-Zilber chain equivalence B : C*(J) ® C*(X) — >• C*(7 x X) com- 
ing from the usual subdivision of the prism. The fundamental 1-chain is [i] : A 1 — >• / G 
Ci(/), (to,ti) i — ^ ti. Integration of cochains along the interval is the map J, from C n (I x X) 
to C^iX) given by 

r(/xX)9n^ (c n _a(X) ^ d(I) C n _i(X) 4 C n (I xI)Al 

This may be extended componentwise to cochains with coefficients in a graded vector space 
and extends the corresponding map for differential forms (cf. [HS05], p. 32). By pulling back 
along the canonical maps we obtain also integration maps for cochains on S 1 x X and on the 
suspension Y>X = S 1 AX. The following two formulas will be imporant in the sequel: 

J 5u + 8 J u = i\u-i* Q u, ueC n (I x (X,A);V), (2) 

and the pullback formula for continuous maps c : (X, A) — > (Y, B) 

J(id I xc)*u = c* J u, ueC n (I x (Y,B);V). (3) 

2 Generalized Differential Cohomology for Pairs 

In this section we will generalize the construction of [HS05J to pairs, exhibit the mentioned long 
exact sequence, and review the functorial properties of differential cohomology Next, we will 
establish certain "canonical maps" which are needed for the construction of products, as well as 
some technical results for manipulating differential cocycles. 
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2.1 The Fundamental Cocycle & Construction of E for Pairs 

Let E be a cohomology theory represented by an $7-spectrum (E n ,e n ), i.e. a sequence of pointed 
topological spaces pt G E n together with pointed homeomorphisms 

s^fli : E n -x — > QE n . 

We have the generalized Chern character ch : E* ==>■ E* H*(—; V) which by Yoneda's 

Lemma is implemented by fundamental cohomology classes [t n ]. The [c n ] are related by the 
suspension and the structure maps and may therefore be viewed as an element of lim H n (E n ; V), 

n 

e* susp _ 

the limit being taken over H* +n (E n ; V) F* +n (££ n _i; V) = H*^' 1 {E n ^ V). We claim 
that this vector space may be identified with the 0-th cohomology of the cochain complex 
lim C* +n (E n ,pt; V), where the limit is now taken over 

n 

C* +n (E n ,pt;V) ^ Cr+npEn-urtV) — > C* +n -\E n ^pt-V). 

£ n-l J S 1 

Proof of claim. The suspension isomorphism can be written as multiplication with [S 1 ] from the 
left. Using universal coefficients, that Houlr takes colimits in the first variable to limits, the 
fact that two limits commute, and that directed colimits and homology commute we deduce: 

H n (lunC* +k (E k ,pt;V)) = H n [\\m\{C*-^ k {E k ,pt-V^)) = H n (j\\\mC*-i +k {E k ,pt-Vi)) 

k k ' jez k 

= ]\H n (\YmC*-i +k {E k ,pt-Vij) = [jHom M ( J ff n (colimC*_ J+jfc (^,^)),^') 

j& k jgZ 

= [jHom M (colimfl n (C , »_ i+ fc(£7fc,pt)),y J ') = [J limHom^H n (C^ j+k (E k ,pt)), V j } 

jez jez k 

= limn H n (C*-i+ k (E k ,pt; V>)) = lim iT>( J] C^ +k {E k ,pt; V*)) 

k jr'gZ k jgz 

= lim H n (C* +k (E k ,pt; V)) = lim H n+k (E k ; V) 

□ 

If follows that we may choose fundamental cocycles i n G Z n (E n ,pt;V) with the property that 



hi-l — / £* n -\l n - (4) 
JS 1 



Definition 2.1. The n-th differential E-cohomology E n (M,N) or, when emphasizing the de- 
pendence on the fundamental cocycle, H n ((M,N); (E n , i n , V)) is the set of equivalence classes 
of triples 

(M,N) (E n ,pt), oj G fi^(M, N; V), h G C"~ 1 (M, TV; V) such that 
6h = u- c*i n G C*"(M, AT; V") 



2 GENERALIZED DIFFERENTIAL COHOMOLOGY FOR PAIRS 



■5 



modulo the equivalence relation that (cQ,u)o,ho) ~ (c±,ui,hi) iff ljq = uj\ and 

31 x(M,N) ^(E n ,pt) : c ~ Cl 
3# G C s n_1 (/ x N); V) with igi? = h , i\H = h x 
such that 6H = pr*u — C* i n G C™(/ x (M, TV); V). 

Note that this definition makes sense more generally for any graded real vector space V, 
pointed topological space E, and reduced singular cocycle i G Z n (E,pt; V). The above relation 
is obviously reflexive and symmetric. Transitivity requires more work: Suppose (co,oo,ho) ~ 
(c\,oj,h\) ~ (c2,w, /i2) via (Ho, Co) and (Hi, Co)- By pulling back along a smooth map I I 
that increases from to 1 and is constant on [0, 1/4] and [3/4, 1] we may assume that #o|[o,i/4] = 
pr*ho, C\ [o,i/4] = CQopr and similar on [3/4,1] and for (H\,C\). Then, glue Hq,H\ together: 

Lemma 2.2. Lei ^4 U i? = X be an open covering and A C A,B C B be subsets with AD B = 
BnA. Then, restriction C n (A UB,AUB) — ► C n (A, A) x C n (B, B) is surjective. 

Proof. Let u G C n (A, A),v G C n (B, B) and consider the projection ir : A™ +1 ->■ A™, 7r(i , ■ ■ ■ , *n+i) 
(*° + n+T' • • • j *n + ^+f) • Define a subdivision operator by 

S : C n (X) C n (X), (A n X) ^ (-l) n a(a o tt) + a 

7T o (f : A n — > A n parameterizes a subset of A n of area are ^^ - ■ Therefore, after a finite 

minimal number m = m(<r) of applications of 5 any simplex <r G C n (X) will be a chain J2 n k' T k 

k 

consisting only of simplices T& whose image lies entirely in A or entirely in B. We define w(a) 
fufa) if r fc (A n ) C A, 

as 2_,. nfc < By minimality, iw restricts to u and u. For the last statement 

[v(T k ) if T k (A n ) C 5. 

we remark that our subdivision operator takes the subcomplex of smooth chains to itself. □ 

Now, apply the above lemma to [0, 2] X (M, N) with open cover [0, l[x(M, N), ]|,|[x(M, N), 
]1,2] x (M,N) and the cochains Ho,pr*h\,H\ translated properly to obtain H. The cochain 
H clearly restricts to ho and hi at the endpoints. Let C = Co * C\ be the composition of 
homotopies. To show (co,u, ho) ~ (c±, to, hi) it remains to verify 5H = pr*uj — C*i n for which it 
suffices to consider a smooth simplex a with image entirely contained in one of the three open 
subsets - since S leaves cocycles invariant. For example if a(A n ) C [0, l[xM then a = i^a for 
the inclusion i:[0,l[xMc [0, 2] x M. We have 

(8H)(a) = (8i*H)(a) = (8H )(a) = pr*u(a) - (C*o)i n (a) 

which equals (pr*uj — C*i n )(a). This concludes the proof of transitivity. 



Lemma 2.3. For any v G C n ~ 1 (X, A) there exists a cocycle E G Z n (I x (X,A)) such that 
igE = 0, i*E = Sv. In particular, two differential cocycles [c, ui, h] and [c, ui, h'\ are equal if h 
and h! differ by a coboundary. 
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Proof. Suppose A = 0. The proof is based on the Alexander- Whitney map (cf. |tD08j, p. 240) 
A:C n (XxY)^ Ci(X)»Cj(Y), Aa= ^ p (pn o a) ® (pr 2 o 0% 

p+q=n p+q=n 

which is a natural chain equivalence, where p o~(to, . . . ,t p ) = o~(to, . . . , t p , . . . , 0) denotes the 
front p-face, and similarly o~ q is the back g-face, with the zeros up front. Define E as 

E : C n (I x X) p ^ C (J) ® C n (X) ^ C (J) ® C n -i(*) ^ R 

where e I ^ fx [A - ^ { x } Ci] := ^ r x -x. Using the explicit formula for yl it is easy to check 

\xei J xel 

IqE = 0, i\E = 5v. In the relative case, by naturality of A, E is zero on C n (I x A). There is an 

analogous result for smooth cochains since A takes the complex of smooth cochains to itself . A 

version with coefficients in a graded vector space is also easily deduced from our result. □ 

Define 

I : E n (M,N) — > E n (M,N), [c,u,h]^[c] 

R: E n (M,N) -+n%(M,N]V), [c,u,h]\->u 

a : n n ~ l {M,N;V) -»• E n (M, N), 9 H- [const pt eE„, d&, 6] 

The map a is well-defined since 5® = d® and const* i n = 0. Also, by Lemma 12.31 a is zero on 
im(d). It is clear also that ch o I = can o and R o a = d. 

Theorem 2.4. The following sequence is exact: 

E n ~ l {M 1 N) A n n - 1 (M,N;V)/im{d) E n (M, A) E n (M,N) — > 

Proof. We begin with two simple observations from the relative de Rham isomorphism: 

(i) Every smooth cocycle is cohomologous to a closed form. 

(ii) If a closed form bounds a singular cochain it also bounds a form. 

The map I is surjective by (i) applied to the cocycle c*i n . It is also clear that / o a = 0. 

Suppose that I[c, u,h] = 0, i.e. that we have a homotopy C : c ~ const rel A. Since also 
C ~ const rel A we may pick e G C n ~ l (I x (M,N); V) with <5e = C*t n . Consider 

u = h + i^e — i\e G C? -1 (M, JV; V) 

for the inclusions io>*l : (M,N) —tlx (M,N). Then 5u = oj is a differential form so that by 
(ii) we may write 5u = dn for a differential form k G fi n (AT, A; V). By (i) we may then write 
u - k = n + Sv for n G f^ _1 (M, A; V), u G C"- 2 (M, A; V). By Lemma 12.31 choose a cocycle 
£7 G Z? _1 (I x ( M , N ); V) with igS = 0, i\E = Sv. Setting H := pr*/t + {pr*i* - id)e - Be 
C™ _1 (7 x (M, A); V) and G = n + n, the pair (C,H) witnesses (c,u),h) ~ (const, dG, 9) = a(G). 
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Suppose next that (const, 0, 0) ~ a(0) = (const, dQ, 0) i.e. that we have dQ = and are 
given H £ C™~ l (I x (M, N); V), C : const ~ const : (M, N) -> (E n ,pt) with 

z'o-ff = ©, i\H = 0, &ff = -C\ n . 

We have to show that is cohomologous to an element of type c* t n -l for a map c : (M,N) — > 
(£7 n _i,pf). Take c = (e^)- 1 o C ad J, i.e. C = e n -i ° (Sc). Then 



c = c 



J e;_ifcn = ^ = - J 5H = 5 J H + i* Q H - i\H = Q. 



It follows that = c/i[c]. From the following lemma we conclude finally that aoch = 0, applying 
it to the homotopy C : const ~ const, corresponding as above to c : (M, N) — > (E n -\,pt). □ 

Proposition 2.5. Given a homotopy C : Co — ci (re/ iV) we obtain for all u, ho equivalences 

(co,w,fto)~(ci»w,/io- /*C* in ) zn£ n (M,iV) 



Proof. Set /ii = ho — JjC*L n . We first remark that (ci,u;, /ti) satisfies S (ho — Jt C* L n ) = 
(oj - c& n ) + i*oC*i n - i\C*i n = oj - c[L n . We seek a suitable H G C™ _1 (/ x (M,N)) with 
ig-H" = /io , fc'i-ff = ^1 and (5// = pr*w - C*i n = 5pr*h\ + ((ci opr)* - C*) i n . The homotopy 
K : C ~ (ci o pr) 



C(i,ai) (s < i), 
C(s,x) (s > t). 



K : I x I x (M,N) -> (E n ,pt), (s,t,x) H> 

is relative to I x N and yields a chain homotopy 

<5^V tn = (ii)*iT ln - (i )*K^„ = (ci opr)*6„ - C* in 

We may thus take if = pr*h\ + Jj K*i n . Then 

(io)*H = hx + j (idi x i )*K*L n = hi + j C*L n = h 

(h)*H = hi + j (idi x ii)*K*L n = hi + J (a opr)*L n 

The assertion now follows from Lemma 12.31 since Jj(ci opr)*i n = Jjpr*(u — Shi) = JjP 7 '*^ ~ 
Jjpr*5hi = — Jjpr*5hi = 5 Jjpr*hi is a coboundary, using the fact that fjpr*u = for 
differential forms. □ 

2.2 The Exact Sequence of a Pair 

Definition 2.6. The associated flat theory is defined as 

E* flat (M,N) := ker (e*(M,N) A n* d (M,N)) 
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It has been shown in [BS10] and [HS05J that E* flat is naturally isomorphic to ER/Z*- 1 . In 
particular, it is a generalized cohomology theory and we have a long exact sequence of pairs. 

Theorem 2.7. For any closed submanifold N C M we have a natural exact sequence 



' E%l(M, N) E-l(M) -L+ E-- a ](N) 



E n (M, N) — E n (M) — — »- E n (N) 



Si 



&2 



■ E n+l (M, N) E n+l (M) -^U- E n+1 (N) 



Here, the coboundary maps are defined as compositions 5\ : E^ la j:(N) — > EJ lat (M,N) — ► 
E n (M, N) and 5 2 : E n (N) -A E n (N) E n+1 (M,N). 

Proof. The exactness at E n (M,N), E n ~ a ](N), and at E n+1 (M,N) is easy to check from the 

exact sequences of pairs of E% at and E* . It is also straightforward to see that the composition 
of two successive maps in the sequence is zero. 

Exactness at E n (M): If (c, cj, /t)|jv ~ (const, 0,0) we have = and there exist C : 
I x N -> E n :c~ const and H € C^ l (I x JV; V) with i* H = h\ N ,i\H = and 5H = -C*i n . 
As above, we may assume that C|[o i/4]xjv = c liV °P r an d ^1[o,l/4]xiV = P r *^|iV- By Lemma [2.21 
applied to x M U [0, j[xJV, ]0, 1] x N and pr*/i for pr :0xMU [0, ±[xiV -> M and H we may 
find H € C™" 1 ^ xMU/xiV) with H\ 0xM = h, H\ IxN = H. Because OxN COxMUlxN 
is closed we may define C by gluing C and c. As above, using Remark ??, it may be verified 
that 5H = pr*uj — C*i n . Since N C M is a cofibration we may find a smooth retraction^ 

r : I x M ->■ (0 x M) U (I x JV) 

Pulling back along r we obtain 5r*H = pr*uj — (Co r)*i n and thus an equivalence in E n (M) 
from (c,w,/i) to ((C o r)|ixM> w> r *-HlixM) which may be viewed as an element of E n (M,N). 

Exactness at E n (N): Suppose = ^(x) = 5(I(x)). Then I(x) has a preimage y € E n (M) 
under j* : E n (M) — > E n (N). By the surjectivity of I we may write y = I(y) and then 
j*y — x £ ker(/) = im(a) so that we may write a(0) = j*y — x by Theorem 12.41 € Q n ~^(N; V) 
may be extended by ([!]) to a differential form G f2 n—1 (M; V). Then 



j*(y-a(Q))=fy-a(@) 



□ 



Start with a continuous retraction and deform to a smooth map relative to the closed subset x M U I x N . 
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2.3 Functorial Properties 

A smooth map / : (Mo, No) — > (M,N) induces a pullback 

f* = H n (f; (E, t, V)) : H n ((M, N); (E, t, V)) — > H n ((M , N ); (E, l, V)), (5) 

[c,u,h] i — > [c o /, f*u, f*h] 

and a homomorphism of graded vector spaces [i : V —> W induces a map of the coefficients 

/i = H n ((M, AT); (£, /,)) : H n ((M, N); (E, h V)) — > ff n ((M, A); (£, M ( t ), W)), (6) 

[c,w,/t] i — ► [c,[i(u),n(h)] 

For a pointed map <f> : E — > i 7 and a cocycle € Z n (F,pt; V) we have a transfer map 

^ = # n ((M, iV); (0, V)) : H n ((M, N); (E, <f>*L F , V)) — ► H n ((M, N); (F, i F , V)), (7) 

[c, W, /l] I — >■ [0 O C, W, /l] 

Also, for every reduced cochain G C n ~ 1 (E,pt; V) with <50 = i — i! we have an isomorphism 

iT(0) : H n ((M, N); (E, t, V)) A H n ((M, N); (E, l', V)), (8) 

[c, w, /i] i — > [c, u),h + c*0] 

By Lemma 12.31 this isomorphism depends only on the coset + B n ~ 1 (E,pt;V). Notice that if 
N = 0, then it is not necessary that be a reduced cocycle. It is easily checked that these maps 
are in fact well-defined. 

Combining (J7|) and ([8]), we define for a pointed map <fi : E —> F together with a reduced 
cochain € C n ~ 1 (E,pt;V) with 50 = i E — 4>*l f the map (0; 0) as the composition (f)*oH n (0). 
Explicitly, ((/>; 0)[c, w, h] = [(j) o c, w, /i + c*0]. Notice the composition rule 

(0;6)o(V>;«) = (0o^;« + ^0) (9) 

Moreover, if <E> : 0o — </>i is a homotopy we have by Proposition 12.51 

(0o;©)= Li-Q-J&A (10) 

2.4 The Canonical Maps A, x 

First, note that we have a natural map A given by 

H n ((M,N);(E,i E ,V)) x H n ((M, N); (F, l f ,W)) — > H n ((M, N); (E x F\pr\i E © pr\i F , V © TV)) 

([c ,wo,M> [ci,wi,/ti]) i-> [(co,ci),wo © wi,/t © ^l] 
A clearly is associative: A o (A x id) = A o (id x A). Also 

A o (((£;©) x (^;as)) = (</> x pr*0 + pr^n) o A (11) 

Next, using the Acyclic Models Theorem, pick a natural chain homotopy 5B(ujq © u\) + 
Bd(ujQ = o;o A cji - Wo U Wj, unique up to natural chain homotopy. Define a natural map 

X : H n (M; (E, i E ', F)) x iT^M; ^ W")) -> H n+m (M; (E xF,l E x t F , V © W)) 
([co,wo,/io], [ci,wi,/ii]) ^[(co,Ci),Wo A 
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where h = B(ujq <g> oj\) + ho U uj\ + ( — 1) Ic^o U h\ — ho U Notice that by Lemma [2731 we 
could have replaced ho U with (— J/i U /ii, or half of both, since these differ only by 
a coboundary. Since any two choices of B differ by a coboundary, \ is independent of it, by 
Lemma 12,31 Moreover, we have associativity 

P (X x id) = X° (id x X ) (12) 

For the proof of (jl2]l . suppose x = [co,Ua,ho] £ H l (M; (E,i E ,U)),y = [c^u^hi] G H m (M; (F, l f ,V)), 
and z = [c2,oj 2 ,h 2 ] G H n (M; (G,l g ,W)). Then x(£, £)) equals 

[(co,ci,c 2 ),w A (cji Aw 2 ),% ® (^l Aw 2 )) + (-l) |wo| w U (g>u> 2 ) 
+ li UwiUa) 2 + (-l) |wo| a;o U/iiUw 2 + (-l) |wo|+|wi| u U Wi U /i 2 
- h U Uw 2 -ftoUwiU <5/i 2 - (-l) |wo| a;o U /ii U <5/i 2 + /i U U <5/i 2 ] 

while x{x{%i y)i z) equals, using due to the remark above (— l)' tJ °'5/io U h instead of ho U 6h, 

[(c , ci, c 2 ), (w A wi) A w 2 , S((wo A wi) <8>u; 2 ) + 5(w ® w i) U uj 2 
+ /i UwiUw 2 + (-l) |wol a;o U/iiUw 2 + (-l) |w ° l+M a;o UwiU/i 2 

- ho U <5/n Uu 2 - (-l)^ + ^5h UwiU/j 2 - (-l^l+^U U tf/n U h 2 + (-l) |wo|+|wi| <5/i U Shi U /i 2 ] 

The two chain homotopies B((ojqAu}i)^)uj 2 ) + B(ujo0CjJi)Uuj 2 and B(wo®(wi Aw 2 )) + (- I^^ojqVJ 
S(a>i (8> w 2 ) are chain homotopic by Acyclic Models. On closed forms ojo,oji,oj2 they therefore 
differ only by a coboundary 5E. Lemma 12,31 completes the proof since the third components of 
the above two elements differ therefore only by the coboundary of 

(_1)M>I+M/^ u wi U h 2 + h U Shx Uh 2 + (-l) |wi| w U hi U /i 2 + E 

Note also that if <p : E -» £, ^ : ^ -> ^ and (59 = i £ - 5k = t F - t/j*L F we have 

X o (((/>; 6) x k)) = (4> x tp; Q x 5k + Q x l f + l e x k) o x (13) 

2.5 Abelian Group Structure 

Pick maps a n : E n x E n — >• £/ n representing addition and cochains A n G C n ~ 1 (E n x E n ; V) with 
<5A n = pr*i n + pr\t n — OL* n L n (possible since the cohomology Chern character is additive). We 
would like to define addition as the following composition 

H n ((M, A); (E n , t n , V)) x H n ((M, A); (E n ,L n , V)) 

aoX 

H n ((M, A); (E n x E m pr{t n + pr\i n , V)) 

H n {An) 

H n ((M,N);(E n x E n: a* n i n ,V)) 

(«n)» 

H n ((M,N);(E n ,i n ,V)) 
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using the maps from the previous section. Explicitly, 

[co,wo, ho] + [ci, u)i, h{\ = [a n (co,ci),u} + u)i,ho + h\ + (c ,ci)M n ] 

The natural transformations a, R, and I are then group homomorphisms. However, in general, 
this operation won't be associative. From the E^-structure of the infinite loop space E n it 
is possible however to make canonical choices for the a n and A n that will satisfy additional 
coherence properties like that 

pr* l2 A n + (a n x id)* A n - J H*i n - pr^A n - (id x a n )*A n (14) 

is a coboundary for a certain canonical homotopy H n : a n (a n x id) ~ a n (id x a n ) which means 
associativity, by Proposition 12.51 In Remark 12. 101 we show how to make these canonical choices. 
Since the verification of the coherence properties are lengthy, since the general case has already 
been dealt with in [HS05J, and since this paper is concerned mainly with the rationally even 
case anyway, we allow ourselves the following simplification: 

Assumption 2.8. From here on, E is rationally even, i.e. ir^E) <8> Q = 0, for all odd i. 

Observe that then for any graded vector space V which is zero in odd degrees we have 
H*(E n ;V) = 0, H*(E n X E m ;V) for n,m even and * odd, and similarly for higher products 
(use for instance Lemma 3.8 in |BS10j). For n even, let a n : E n x E n — > E n be any map 
representing addition 

[f] + [g] = [a n o(f,g)], f,g:X^E n 

Let (p n : Yi(E n x E n ) — > (T,E n ) x (T,E n ) £ " X£ "> E n+ \ x E n+ i be the structure map of the spectrum 
E n xE n , basepointed by the pair of basepoints. To not burden the notation any further, canonical 
maps like (EX) x Y — ► E(X x Y), (QX) xY — ► Q(X x Y),Sl(X x Y) ^ Q(X) x Q(Y) 
will be left out in the following formulas. Since we have an f2-spectrum, we may define a n _i by 
requiring 

e n _i o (Ea„_i) = a n o ip n _ x (15) 
Since suspension is linear, a n _i again represents addition. For all even n, write 

5 A n = (jtr*Ln + pr* 2 L n ) - a* n t n (16) 

for some reduced cochain A n € C n ~ 1 (E n x E n ;V). By Assumption I2.8| any two choices differ 
by a coboundary. We extend the A n to odd indices by setting 

A n -i:=- I (fn^iAn G C n ~ 2 (E n -\ x E n -\]V) (n even) (17) 
Js 1 

By ((21) and (j4|) , equation (|16p holds then also for n — 1. 

Theorem 2.9. XTie binary operation a endows H n ({M, N); (E n , t n ,V)) with the structure of 
an Abelian group with zero element [const, 0,0]. 
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Proof. We only consider negation. For n even, write v n : E n — > E n for a representative map of 
the negation in E n . Write also 5N n = —i n — v n i n for N n £ C n (E n ; V) which is possible since 
ch preserves negation. Extend to odd indices as above by requiring 

e n _i o (Ei/ n _i) = v n o e n -i (18) 

and by setting N n -i = -J s i£n-l N n G C n ~ 2 (E n ; V). Then again SN n -\ = -i n -i ~ K~i L n-i 
and we may define the negation v in differential cohomology as v([c,u, h]) = [u n o c, —u, —h + 
c*N n ]. Let us show that a(x, v(x)) = for any x = [c, u, h]: For n even let H n : a n o (id, v n ) ~ 
const be a homotopy and extend by requiring 

e n _i o (EF„_i) =ff„o (id/ x e n _i) (19) 

Now, we compute 

a(x,v(x)) = a([c,u,h], [v n o c, -cj, -h + c*N n ]) = [a n o (c,v n o c),0,e*iV n + (c, z^ n o c)M n ] 
= const, 0, c*7V n + (c, v n o c)*A n - J (H n o (c x idi))*i n 

To show that a(i,z/(x)) = = [const, 0,0] it remains by Lemma 12.31 to hat that c*N n + 
(c, f n o c)*A n — c* -H^n G C n_1 ((M, iV); V) is a coboundary. For this it suffices to show that 
N n + (id,u n )*A n — Jj H*i n 6 C" 1_1 (£' n ;y) is a coboundary. For n even it is, by Assumption 
12.81 enough to show that this element is a cocycle: 

8 (n u + (id, v n )*A n - j H*t n ^j = -u*L n - i n + (id, v n )*8A n - 5 j H*i n 

= -v* n i n - i n + (id,v n )* (pr{t n + w\ l n - OL* n L n ) + (i )*H*L n - (h)*H*i n 
= -u*L n -t n - (id, v n )*(a* n L n ) + i n + u*L n + (a„ o (id, v n ))*L n - const* l„ = 

Applying - f gl e*^ : C n - 1 (E n ^ 1 ; V) -> C n - 2 (E n _ 2 ; V) it then follows that 

coboundary = j ^ e*_ x f-iV n - (id, v n )*A n + ^ #*t n ^ 

= iV ri _i-/ (E(id, f n -l))* ^_iAi + / I (idj x e n -i)* H n L n 
Js 1 Js 1 Ji 

= N n -i + (id, i/ n _i)*A»-i - / / (Sfl n _i)*e;_ 1 i„ 
iV„._i + (id,Vn-yYA n ^ - / H*Ti n - 



„_l t I ia. i ..i„_j - / n n _ 1 i. n _i 

Changing the order of the integrals has gave a minus sign. The proof that [const, 0, 0] is a zero 
element, of associativity and commutativity uses the same technique, and will be omited. □ 

Remark 2.10. Let E be an ^-spectrum. We can make canonical choices, e.g. 

a n '■ E n x E n w Oi? n+ i x ri£' n+1 — >• O.E ra+1 £7 n 

where the map K is concatenation, which is compatible with the integration of cochains up to 
explicit coboundary terms. For e = ir : A 2 — > A 1 , (to>^i>^2) l— ^ (^o + t±/2,t2 + ii/2) we have, 
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denoting by [a, b] the 1-simplex A 1 — > [a, b], (x, y) i— > ya+xb, the relation de = [0, ^] — [0, l] + [^, 1] 
so that 



/ u= u+ u- u= u+ u+ ( (-l) |e| <5 u- 

7 [0,1] i[0,i] ^[i,l] i9e ypi] J[i,l] V Je Je 



8u 



This may be used to show that a* i n and pr\i n -\-pr\i n differ by the coboundary of the canonical 
cochain 



This observation can be used to exhibit an Abelian group structure in the general case. One has 
then to construct higher simplices that exhibit the coherence conditions like ([1] 



3 Integration 

In this section we give a more explicit description, on which we will draw later, of the integration 
map than in [HS05J. For this we will first define the integration map on pairs. Consider 

n+l {S l 

si .Is' 

S 1 



: tt n+L (S l x M, 1 x M) — > Q n (M), / : C n+1 (S' 1 x M, 1 x M) — > C n (M), 

Js 1 

: ^^(S 1 x M, 1 x M) = £ n+1 (SM + ) 9* E n (M + ) = E n (M) 



s 1 



O C 



adj 



so that by definition we have e n o S c) = c for c e (£ n+ i,pt)( slxM - lxM ). Together, they 
yield a well-defined integration map: 



: E n+ (S x M, 1 x M) — > E n (M), [c,u,h] 



c, / w,- / /i 

5 1 JS 1 JS 1 . 



Proposition 3.1. The integration map on pairs is linear. 

Proof. Let [cQ,cjQ,ho], [ci,ui,hi] G -E n+1 (S' 1 x M, 1 x M). We have to compare 

Q n+ i(c ,ci), / (uj +uji),- (h + hi + (c ,ci)*A n+ i) with 
s 1 is 1 is 1 

UJQ+ cji, - / /i - / ft-i + ( / c , / ci ) vl„ 
S 1 JS 1 JS 1 JS 1 Vis 1 iS 1 



«n ° I / C , / Ci 

S 1 JS 1 



In case n + 1 is even, by (|15p and (|17p . both representing triples are equal. In case n + 1 is 
odd, choose a homotopy H : a n o (e^ x e^) -1 — (£n dj ) _1 ° (f&a: n +i). Using Proposition 12.51 it 
suffices to show that (J Co,/ c\)* A n — (c^ , c^)* f sl H*L n + f sl (cq, c\)*A n+ i is a coboundary. 
But this is the pullback under (c^\ c^)* o ((e^ x e^)*) -1 = (/ cq,J c\)* of 

A n - x efy [ H*u n + [ ip* n A n+1 e C"" 1 ^ x £ n ; V) 



It is routine to verify that this is a cocycle - and thus a coboundary - using (fT6j) and ([2|). □ 
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3.1 Absolute Case 



Let i : 1 x M C S l x M, j : S 1 x Af C (S 1 x M, 1 x M) and pr 2 : S 1 x M -> 1 x M be the 
projection. We define an integration map on generalized cohomology: 



f : E n+1 (S 1 x Af) -» E n (M) 
Js 1 



(20) 



For x G fT 14 " 1 ^ 1 x M) write x - pr\i*x = j*y for a unique y G S n+1 (5 1 x M, 1 x Af). Then 
put J* 5l x := J* 5l y. Since pr\i* j*y = for y G E n+1 (S x M, 1 x Af) we have a commutative 
diagram 

jjn+i^i x M, 1 x Af) ^(S 1 x M) 
£ n (Af) 



So (|20p is indeed surjective. Also pr\ = and analogously for differential forms. We extend 
the integration map on pairs in differential cohomology similarly to a map 



: ET+^S 1 x Af) — > f±: n (Af) 



id—pr^i* 



such that Jgipr^ = and J s i j* = This goes as follows: the map £^ n+1 (5 1 x Af) 
-E n+1 (5 1 x M) composes with i* to zero and by Theorem 12.71 therefore has values in the image 

of £ n+1 (S' 1 x Af, 1 x Af) -A J B n+1 (5' 1 x M). For x G ^ n+1 (5' 1 x Af) let y denote any preimage 
of x — pr\i*x under j* . 



Proposition 3.2. The following is well-defined: 



x := y 
s 1 Js 1 



Moreover (since i*pr\ = and i*j* = in differential cohomology), we have fgipr^ = 0, 
Jgi j* = J„! Also, the integration map on S 1 x Af is linear. 

Proof. We first remark that integration on pairs anticommutes^] with a and commutes with R 
and I. Consider the commutative diagram with exact rows 



E'^S 1 x M) 



^"(S 1 x M;V)/im(d) 



J B™+ 1 (S* 1 x Af) 



E n + l {S l x M) 



E'^S 1 x Af, 1 x Af) — ^ ^"(S 1 x Af, 1 x M; V)/im(eO — ^ B™ 4 " 1 ^ 1 x Af, 1 x Af) — U- J B"+ 1 (5 1 x M, 1 x Af) 

Suppose j*y = for y G £' n+1 (S' 1 x Af, 1 x Af). Because we have shown that integration on 
pairs is linear it suffices to show that J s iy = 0. Since = I(j*(y)) = j*I(y) and because 



2 Since we are integrating from the left instead of the right (as in [BS10 ). 
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j* : E n+1 (S 1 x M, 1 x M) — )■ ^ n+1 (5' 1 x M) is injective we may write y = a{&). j*@ lies in 
the kernel of a and therefore j*Q = ch(t) for some t G E n (S 1 x M). But t-pr%i*(t) lies in the 
kernel of i* so that we may write t — pr|i*(i) = j*s for some s G E n (S 1 x M, 1 x M). We have 

f s= f fB= f t _ f pr , n f t 

Js 1 Js 1 Js 1 Js 1 Js 1 

from which it follows that j sl ch{s) = ch(f sl s) = ch(J sl t) = j sl ch(t) and that J sl y = 0. 
Finally, the integration on S* 1 x M is linear since if j*y\ = x\ — pr\i*x\ and j*y2 = X2 — pr\i*x,2 
then we may choose y\ + ^2 in the preimage of xi + £2 — prl^ixx + £2)- D 

Proposition 3.3. Integration is natural with respect to smooth maps f : M — > iV: 

/* /" £ = / (id s i x /)*x Vx G x M) (21) 

Js 1 Js 1 

and similarly for pairs: if x G -B n+1 (5 1 x M, 1 x M) i/ien /* J sl x = Jgi(*d(,sn 1) x f)*x. 

Proof. This is clear for differential forms, cochains, and also maps: (co (idgi x f)) ad ^ = c arfj o /. 
It therefore follows for integration on pairs. For integration on S 1 x M it then also follows 
because x — pr\i*x = j*y implies (id x f)*x — pr%i*(id x f)*x = j*(id x /)*y. □ 

Proposition 3.4. Integration commutes with the maps R, I and anticommutes with a. 

Proof. This is readily verified for integration on pairs. But J s i p>r\i* = for forms and coho- 
mology classes of 5 1 x M, from which the assertion follows. □ 

3.2 Multiple Integrals 

On S 1 x S 1 x M there is also an integration over the second variable, defined by J sl = J„i t* 
for the twist r : S 1 x S 1 x M — > S 1 x S 1 x M, (z, w, m) i-» (w, z, m). 

Proposition 3.5. j sl J gl r* = - / sl J gl : S n+2 ( J S' 1 xS'x M) — ► £ n (M) /or a/? even n: 




Note first that the corresponding equation (|22p is true for cochains (since r*i?([5' 1 ] (g) [S* 1 ]) = 
(— 1) 1 ' 1 5([S' 1 ] eg) [5" 1 ]) where B denotes the Alexander- Whitney map) and also for differential 
forms. It is also true for functions c : S 1 x S 1 x M — > E n+ 2 in the sense that f sl f sl t*c = 

twist o j sl j sl c where E n ~ Vt 2 E n+ 2 twist ) £l 2 E n+ 2 ~ E n interchanges the two path variables. 
The following lemma allows one integrate twice "directly" on suitable cocycle representatives: 
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Lemma 3.6. Let x € E n+2 {S l x S 1 x M, lxS'xM) and denote 

i 13 : S 1 x 1 x M C S 1 x S 1 x M, i 23 : 1 x 5" 1 x M C S 1 x S 1 x M 

i' l3 : (S 1 x 1 x M, 1 x 1 x M) c (5* 1 x S 1 x M, lx^x M) 
pr'iz ■ (S 1 x S 1 x M, 1 x S 1 x M) -> (5* 1 x 1 x M, 1 x 1 x M) 

Then y = x — pr'* l3 i'* l3 x may be represented by a triple (c,uj,h) with 

cl^vs^xM = const p teE n+ 2, «i3 w = and ^ = °> ^(S^s^xM = 

Proof of Lemma. Write x = [c,u,h]. Replacing x by x = x — pr'* 3 i'* 3 x and noticing x — 
pr'i 3 i'* 3 x = x = x — pr'l 3 i'* 3 x we may assume without loss of generality that i'* 3 x = which 
implies that i\ 3 ui = and that we have a homotopy c\si x i x ^ ~ const rel 1 X 1 X M. We extend 
this homotopy by const and c to a map 

/ x (S 1 x 1 x M U 1 x S 1 x M) U x (S 1 x S 1 x M) — ► E n+2 

Since S 1 x 1 x M U 1 x 5 1 x M C S 1 x S 1 x M is a closed cofibration we may extend this map 
to a homotopy C rel 1 x S 1 x M from c to a map c := C\ with c\s 1 xixMuixS 1 xM = const. It 
follows from Propostion 12.51 that, denoting h = h — Jj C*t n+ 2, 

= [c, u), h] 

We have therefore adjusted c according to the requirement. Then y = x — pr'* 13 i'* 13 x is the triple 
representative we seek. 

□ 

Proof of Proposition ^. 5\ For z G E n+2 (S l x S 1 x M) write z — pr^i^z = j 23 x for some 
x E E^S 1 x S 1 x M,l x S 1 x M). Then y = x — ^13^13^ may be represented by a triple 
(c,LV,h) as in Lemma [3.61 Also, 

-/ /* = "/ /,» = 

Js 1 Js 1 Js 1 Js 1 
while 

twist o / / c I , / / r*o;, / / r*h 
yJs 1 Js 1 J Js 1 Js 1 Js 1 Js 1 

It is sufficient now to observe that N n — Jj H*L n is a coboundary for a homotopy H n : u n ~ twist, 
by verifying that it is a cocycle. □ 

For more details on the proof of Proposition 13.51 we refer to |Upm| . 

4 Products 

Suppose now that E n is an O-spectrum representing a multiplicative cohomology theory. For a 
better understanding of some of the points arising in the product construction later, let's first 
assume that the spaces E n are manifolds and the i n differential forms. S will typically denote 



c, u, h 



C* 



l"n+2 
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a smooth manifold in this section. In this case we have a natural lift of can : E'% — > [S, E n ] to 
H n {S] (E n , L n );V) given by s(c) = [c, c*i n ,0]. From this we obtain a natural lift ch = Ro s : 
E% nj(5; V) of c/i o can. Let 

/^n,m • A E m )■ E n j rm 

be maps representing the multiplication in the spectrum. We will write also 

ci U c 2 := /i n ,m ° (ci,c 2 ), (c x G £^ , c 2 € 

Assume now that H* has a multiplicative structure. Then compute 

c~h(c\) A c/i(c 2 ) = i?s(ci) A Rs(c 2 ) = R(s(ci) U s(c 2 )) 

= R(s( Cl U c 2 ) + s(ci) U s(c 2 ) - s(a U c 2 )) 
= c7i(ci U c 2 ) + R (s(ci) U s(c 2 ) - s(ci U c 2 )) 

Since J(s(cx) U s(c 2 ) — s(ci U c 2 )) = we may write 

a(?(ci , c 2 )) = s(ci) U s(c 2 ) - s(ci U c 2 ) 

for a natural transformation 

f :£fx^^ O n+m - 1 (5)/im(d)/im(c/i) 

which, by Yoneda's Lemma, is implemented by cosets of differential forms M n ^ m £ £l n+m ~ l (E n x 
E m \V)/im(d) (uniquely determined up to im(ch)) via the formula <?(ci,c 2 ) = (ci, c 2 )*M n ^ m . 
Taking ci = pri,c 2 = pr 2 we see that M njm is given by the condition a{M n ^ m ) = s{id n ) x 
s{id m ) — s(fj, ntm ). Applying R yields as a necessary condition for a product on H*\ 

dM n m — i n x i m u n ^ rn i n j rm (23) 

Conversely, this is precisely the condition that enables us to define a multiplication map on H* , 
using the isomorphisms H*(M n)Tn ) induced by the M ni?n 's and the transfer map (/i n ,m)* 

H*(S; (E n x E m , i n x L m ); V) = H*(S; (E n x E m ; /i* i n+m ) ;V)^H*(S; (E n 

+mi Ln+m 

Notice that this map depends only on the coset (M n ^ m + im{5)) + im{ch), by Lemma 12.31 and 
Proposition 12.51 

If the product on H* is associative, bilinear, has a unit, or is graded commutative then the 
M n ^ m will not be completely arbitrary, but satisfy certain coherence conditions, e.g. 



(id n x /i m j)* M n rn+ i + L n x M mt i = (nn^m x idi)* M n+m ^ + M„, iJn x n — J H*t n+m+ i 

modulo coboundaries and im(ch) for associativity. Here, H denotes a homotopy H : [i n + m ,i ° 
( n n,m x idi) ~ fJ- n ,m+l (id n x n m,l)- Conversely, whenever this coherence condition is met, we 
are able to define an associative product (cf. the proof of associativity in Theorem Eg 



3 Such a condition might of course be ensured also by working only with ring spectra in a stricter sense. 
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Proof of claimed Coherence Condition. If the product is associative then certainly (s(id n ) x 
s(id m )) x s{idi) is equal to s{id n ) x (s(id m ) x s(idi)). The first is 

(s(idn) x s{id m )) x s(id t ) = (s(jU„ )m ) + a(M n , m )) x s(idj) 

= (/in,m x idi)*s(id n+m ) x s(idj) + a(M njm x Rs(idi)) 

= On,™ X idj)* (s(^n+m,0 + o(M n+OT)J )) + a(M n , m X tj) 

= (Vn+m,l(Hn,m x idi))* s (id n+m+ i) + a ((fi n>m X idi)* M n+m j + M n , m X 

using a(0) x x = a(0 x R{x)) from the axioms for products. Similarly, the second is 

s(zd n ) x (s(id m ) x s(idji)) = (fj, nim+ i(id n x Hm,i))*s(id n+m+l ) +a((id n x /i mj /)*M njm+i + i n x M m 

Now we use the homotopy formula, which follows from the axioms for any differential generalized 
cohomology theory, c.f. (BSlOj: 




Vx G E*(I x M) 



Taking x = H* s{id n+m+ i) here, we conclude that 

{n(id x n))*s(id) - (p(p x id))*s{id) = a (J R(H*s(id)) \ = a ^J j H * L 

The assertion now follows from the exact sequence in Theorem 12.41 □ 

As already remarked, the product depends on the coset {M n ^ m + im{5)) + im{ch). Different 
cosets correspond in general to different multiplicative structures: Two multiplications U and U 
determine a natural transformation 

K : E n X E m => H%+ m -\ a (K (I (x) , / \y))) = xOy-xUy, [x, y G H n (S; (E n ,t n );V)) 

which arises by Yoneda's Lemma from elements f]n,m G H2£ m ~ 1 (E n x E m ;V). We then have 
M ntm = M n)Tn + rj nm . Conversely, choosing r/'s yields a K and thus another bilinear product. 

4.1 Construction in Even Degrees 

For rationally even spectra all these ambiguities disappear for even n. If we demand compati- 
bility with integration then the product is determined in all degrees. Thus suppose that E* is 
a rationally even multiplicative cohomology theory with unitcl, with internal product U, and 
associated external product x . 

Let \i n ^ m ■ En A E m — > E n+m denote maps representing multiplication. We use the unqual- 
ified \x to denote the induced multiplication V <8> V — > V on the coefficients V* = E*(pt) <g> M. 
Choose also a map e : pt — >■ Eq representing the unit. 

Recall that by Acyclic Models we have a (unique up to homotopy) natural chain homotopy 
with the property that for differential forms U)q,ljx we have 

5B(loq ® ui) + Bd{ojQ <S> coi) = wo A wi - wo U wi 
4 Otherwise E will of course not have units either. The other arguments go through, though. 
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Since ch is compatible with the product we have = ch(id) x ch(id) — ch(id x id) = 
fj,{i n x L n ) — [i nm i n + m in reduced cohomology. We may thus choose reduced cochains M n>m G 
C n + m - x (E n /\E m ;V) with 

<5M n , m = n(i n x t m ) - n n m L n+m , (n, m even) 

By assumption (rationally even), any two choices differ by a coboundary. The following 
product in even degrees is thus independent (Leinnict 12.3]) of the choice of the cochains Af^^i 

H n (S; (E n , i n );V) x H m {S- (E m , i m );V) 

H n+m (S- (E n xE m ,fi{i n xt rn );V) 
H"+ m (M n , m ) 

H n+m (S; (E n x E m , fi n m L n +m)] V) 

(A*n,m )* 

H n+m (S; {E n );V) 
Explicitly, fj, ([c , u) , ho], [ci,wi,/ii]) equals 

[)U n ,m(co,ci),a;o Awi,B(w ® wi) + /i Uui + (-l) n wo U hi - h U J/ij + (c , ci)*M„ )m ] 

Here we have suppressed the coefficient map from the notation; By Lemma f2 , 31 different choices 
for the chain homotopy B yield the same map in differential cohomology. 

Theorem 4.1. The product just defined on E 2 *(S) in even degrees is (graded) commutative, 
bilinear, associative, and has a unit Is, to be defined in the proof {2J$ . In other words, E 2 * is 
a functor to unital graded commutative rings ( cf. Proposition 

Proof. We first define the neutral elements. By naturality, the unit I5 in E°(S) equals ir*l p t 
for the projection ir = its ■ S — > {pi}. Choose a representing map u : {pt} — > Eq for Then 
V* = E*(pt) <g> R has unit l p t ® 1. The singular cohomology H*(— ; V) with coefficients in V of 
course also has natural units coming from a cohomology class l p t G H°(pt; V) = H°(pt; V ). It 
may be represented by a cochain that comes from a differential form (under the deRham map) 

Upt G n°(pt; V) = n°(pt; V°), co pt (pt) := l pt ® 1 

Because the Chern character preserves units, it* [to] = C MM) = c Mlpt) = Ipti we niay write 
5U = u p t — u*lq for some cochain U G C~ l (pt; V). For a smooth manifold S define the unit in 
differential cohomology 

l s = [uOTr S ,Tr S UJ pt ,7t s U] (24) 

Notice that since E is rationally even, the definition of I5 does not depend on the choice of the 
"refining cochain" U. Clearly, ir* s UJ p t is just the unit of tt*(S;V). 
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First note that B(irgUJpt ® — ) is a chain homotopy from 77 i— > Tt* s uj p t A 77 to 7/ 1— > vr^Wpt Un- 
just as the zero map is. It follows that B(irgU p t ® 77) is a coboundary for every cocycle 77. Hence 

i s ux 

= [/"0,n('"vr5, c), 7rJo;p t A w, B(-K* s (jj pt ® w) + tt* s U Uu + iTgUpt Dh - TTsU U5h + (uir s , c)*M ,„] 
= /j, 0n (u-K En ,id) o C ,uj,h + c*(ir* En U Ui n + (wr£„, id)*M 0>n ) 

selecting a homotopy if : 7^0, n (u^E n ,id) ~ 7d.E n and using Proposition 12.51 we conclude that it 
suffices to show that 

7T* En U Ui n + (uir En ,id)*M 0>n - J H*t n e C n ' x {E n - V) 

is a coboundary. But it is easily checked to be a cocycle - which suffices. 

For commutativity we first remark that D(u)q®oj\) := (— l^^'^B^i ®a;o) also satisfies 
5D(ujq ® u>i) + D(d(uJo ® uj\)) = loq A uj\ — loq U uj\. Therefore D and B are naturally chain 
homotopic. Let [co,u>o,ho] £ E n (S) and [ci,o;i,/ii] € E m (S). For 77,777 even and wo,wi closed it 
follows then that B(ujq ® uji) and B{ui\ ® wo) differ by a coboundary. Also hi U £/to = 5Kq Uhi = 
6(ho U hi) + hoU 5hi =/iqU Therefore, selecting a homotopy : [i m ,n twist ~ Hn,mi 

[c\,u\,h\] U [c ,o;o,/io] 

= [/Vn(ei,co),Wi A w ,5(wi ® w ) + /7i U o; + o;i U /7 - /7i U 5h + (ci, co)*M m>n ] 

= Mn,m o (ci,c ),o;o A wi, 



5(a; ® ujx) + w U /7i + h Uui - /7 U <57ti + (ci,co)*M mj „ - (c ,ci)* y H*i n+r 
But M„ ]m - twist* M m>n + Jj H* 

Ln+m is a coboundary since it is a cocycle. 

For associativity it is clearly enough to prove the commutativity of the hexagon on the 
next page. The commutativity of (T) is simply the associativity statement for \ proven earlier. 
© follows from 

(id n x \i m ^i n x M mi i) o X = x° {(id,0) x (77^; M m>z )) 

and (3) is analogous. For (4) select a homotopy H : [i n)m +i o (id x /U mj /) — /i n +m,z (^n,m x idj) 
and compare 

(fJ"n,m+i; M n)m+ i)o(id n X H m ,l] L n x Mn,z) = (Hn,m+l ° X fl m ^i); M n ^ m+ i + ^n,m+l( L n x ^m,i)) 

= (fJ-n+mJ (/%,m x ^n,m+Z + f J 'n,m+l( L n x Mn,l) ~~ / H* i n+m+ i) 



with 

(/^n+m,i> ^-n+m,l)°{f J 'n,in x idl', M n ^ m X Z,/) = (/J n _|_ TO| j o (/J n>m 

X idi);M n+rrlt i + fin+m,l( M n,m x *-/)) 

But M„ jm+ i + /x* )TO+z (i n x M mj j[) - / H*L n+m+ i - M n+m j - n* n+m j{M n)m x 7;) is a coboundary 
which is seen, as usual, by showing that is a cocycle. 



H n {S; E n ,i n ) x H m (S; E m , t m ) x H l (S; E u n) 



XXid 



idxx 



H n+m (S; E n x E m ; t n x v m ) x H l (S; E t ; h) 



© 



H n (S;E n ,i n ) x H m + l (S;E m x £ 1>4r „ x t,) 



((U n ,m;M n , m )xid 




idx(/x m j;M m j) 



2> \. Q 

£„ +m , in+m ) x t,) H n + m + l {S; E n x E m x E u in x t m x tl ) H n {S; E n , i n ) x H m+l (S; E m+l ,i m+l ) 

{Hn,m x idr, M„ jm x h) ^^^^ ^^--^ (id n x (i m>l ; t n x M m j) 



H n+m +\S-E n+m x E U i n+m x n) 



® 



H n+m+ (S;E n x E m+ i,i n x i m +i) 



o 
to 
to 
o 
to 
to 



{^n+m,U M n+m j) ^^^^ (l^n,m+h Mn,m+l) 

H n+m+ (S\ E n+m+ i, L n+m+ l) 
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Bilinearity may be proven similarly, and will be ommited. 

□ 

Proposition 4.2. For a smooth map f : Si — > S2 the induced map 

f* : E n (S 2 ) — ► 

is multiplicative in even degrees. Moreover, f* is unital: f*(ls 2 ) = ls 1 . 

Proof. Both /* ([co, wo, /io] U [ci, wi, /ii]) and /*[co, wo, ho] U f*[ci, co±, h±] are equal to 

K,m(c , ci) o /, /*w A f*co u f*(B(uj <g> wi) + /i Uwi + (-l) n w U /ii - /t U <5/ii) + /*(c , Ci)*M n>m ] 

using the fact that 5 is natural. □ 

Proposition 4.3. Letn,m be even and G Sl ri_1 (S'; V), x = [c,LJ,h] G E m (M). Then we have 

a(0) Ui = a(6 A R(x)) (25) 

Proof. Select a homotopy H : [i n ,m {const x id m ) ~ const. Now compute 

a(0) Ui = [u n>m (const, c), <i@ A w, B(d@ ®w)+9Uw+ (-l) n d6 U/i-8Ui5H (const, c)*M„ jm ] 
= [/Un,m(con.si, c), a!0 Aw,8Aw + (const, c)*M n>m ] 

because B(dQ ® oj) = 0Aw-6Ua) (wis closed) and because (— l) n ii@ U h — 9 U <5/t is a 
coboundary. We have to compare with 

a(0 A i?(x)) = [const, d© A u, A cj] 

It thus suffices to show that the following is a coboundary - by applying 8: 

(const x id)*M n<m - j H*L n+m G C n+m ^(E n x £ m ; V) 

□ 

4.2 Extension to Odd Degrees 

The extension to odd degrees relies on the following lemma: 

Lemma 4.4. For any x G £ n_1 (M) there exists X G ^"(S* 1 X M, 1 X M) with J sl X = x. 
For any two choices X,X' there exists a differential form G Q, n ^ 1 (S 1 x M, 1 x M;V) with 
X — X' = a(0) and such that J sl lies in the image of the Chern character. 

Proof. Existence. By surjectivity ^(S 1 x M, 1 x M) -4 E n (S 1 x M, 1 x M) i E n ~ 1 (M) we 
may choose X G E n (S l x M, 1 x M) with / gl J(X) = /(£). Then x-J si X lies in the kernel of 
/ and thus equals a(0) for some © G f2"~ 2 (M; F). Pick a : S* 1 — >■ R smooth with J sl a(t)dt = 1 
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and a(l) = and let 6 = —a(t)dt A pr^Q £ fl^iS 1 x M, 1 X M;V). Then J gl 6 = -G, and 
X + a(0) is the element we seek. 

Uniqueness. We have f sl I(X — X') = so that I(X — X') lies in the kernel of f sl : 
E n (S 1 x M, 1 x M) = E n ~ 1 (M), which is zero. Thus, I{X - X') = so that X - X' = a(6) 
for some 6 £ W-^S 1 x M, 1 x M; V). Since a f gl 9 = - J 51 a(9) = - J 51 (l - X') = 0, the 
element f sl lies in the image of the Chern character. □ 



We will usually denote a choice of element X £ E 71 ^ 1 x M) with J" X = x by upper 



case. 



The internal product U in even degrees in differential cohomology is equivalent to an asso- 
ciative, bilinear, and commutative^] external product x in even degrees via the usual formulas 

x x y = pr\x U pr^y 
x U y = A*(x x y) 

The exterior wedge product of differential forms is denoted by A. Explicitly, x x y is 
[ci,ui,hi] x [c 2 ,u 2 ,h 2 ] 

= [fi n ,m(ci x c 2 ), uj{7\uj 2 , B(ui ® oj 2 ) + hixuj 2 + (-l) |tJl| wi X h 2 - h X 5/t 2 + (ci X c 2 )*M„ im ] 
Definition 4.5. Let n, m be even. Define x x y by 

Xxy for x £ E n ~ 1 (M),y £ E m (N), (26) 

[ xxY for £ £ £ n (M), y £ ^"^(iV), (27) 

/ Xxy = -f xxY for i £ E n ~ l (M),y £ £^ m ~ 1 (iV). (28) 

where X £ i^l+^S 1 x M), Y £ i^l+^S 1 x TV) are absolute classes with J gl X = x, J gl Y = y. 

Proposition 4.6. The above is well-defined. Moreover, in all degrees we have the formula 

a(6) xy = a{Q x R(y)), V0 £ f2 n_1 (M; V), y £ E m {N) (29) 



Proof. For the asserted equality in (|28|) we calculate 

/" Xxy=f f XxY=-f [ XxY = -[ xxY 
Js 1 Js 1 Js 1 Js 1 Js 1 Js 1 

where the slash indicates that we integrate over the second copy of S . Note that the middle 
equality follows from Proposition 13.51 since X,Y are of even degree. Next, let us show that 
(|26p is indeed well-defined: Thus, suppose j X = x = J X' and write j*Z = X — pr\i*X and 
j*Z> = X' -pr^i*X', using Theorem^ for relative classes Z, Z' £ ^(S 1 X M, 1 X M), where 

j : S 1 x M C (S 1 x M, 1 x M), i : 1 x M C S 1 x M, pr 2 : S 1 x M -» 1 x M 



^Meaning x x y = twist* (y x x) 
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Using the rules in Proposition 13.21 it follows that fZ = fX = x = J X' = J Z' so that 
Lemma 14,41 implies that Z and Z' differ by a(0) with J s i@ G can -1 (im(ch)) . Since R has 
image contained in can -1 (im(ch)) and since ch is multiplicative in cohomology, f sl &AR(y) 
also represents an element in the image of the Chern character. Thus, 

y i o(0) xji^ a(07vR(y)) = -a ©Ai?(y)) = 

which shows that /(I-I')xy = /(2 - Z') x y = so that (j26j) is really well-defined. 

Also, we still have a(0) x y = a(0Ai?(y)) for G ri n_2 (M; V), y G E m (N) and n,m even: 
Pick G U^iS 1 x M; V) with - J sl = 0. Then / gl a(0) = o(0) and by definition ((261): 

a(0) X^i| a(0) xji^ a(0 Ai?(y)) = a f- ^ © Ai?(y)) = a(0 A 

The proof that (|27p and (|28p are also well-defined and still satisfy ([29]) is entirely analogous. □ 

It is clear that the extended product is bilinear, unital, and graded commutative (cf. (|28|) ) 
in all degrees. For associativity we need a compatibility of multiplication and J sl : 

Proposition 4.7. For any x G E n (S l x M) and y G E m (N) we have 

J (xxy)= (J &j x y, (-1)1*1 J (y X x) = y X (7 (30) 

Proof. For re, m both even, this is just (|26p . For re odd and m even we have, using Lemma 14.81 
which we will prove independently in a moment, 

is 1 is 1 is 1 ViS 1 is 1 / ViS 1 / 

For n even and m odd, we have by Proposition 13.51 

/(ixsif r'(ixY)=-[ /(»K)t-/ (7 *)**&([ *v« 

is 1 is 1 is 1 is 1 Vis 1 / Vis 1 / 

Finally, for n, m both odd, by applying Proposition 13.51 twice. 

/(*x,,= / / /'(ixy)<P/ / /,ixy,if (/ fi)xf 

is 1 is 1 is 1 is 1 is 1 is 1 is 1 is 1 Vis 1 is 1 / 

The second asserted equation is then immediate, by graded commutativity. □ 

It is now easy to verify associativity case by case, using the already proven associativity if 
all indices are even. 
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Lemma 4.8. Suppose n,m are even. For z € E n (S X S X M) and u> G E m (N) we then have 



z x w) = [ / i xui (31) 

Proof. The proof is similar to that of Proposition 13.51 and we will use the notation from there. 
Represent y by a triple (co,Wo,/io) as in Lemma 13.61 that may be integrated directly. Then for 
all w = [ci, L0%, h\] 

Z Xw) = (yXU))= / / ^„ jm (c X Ci), / / U 7\Ull, 

s" .is' Js^s 1 l Js 1 Js 1 JstJs 1 

(B(oj, ui) + u) x hi + h x oji - h x 5hi + (c x ci)* M n ^ m ) 



s 1 Js 1 



while on the other hand 



s 1 Js 1 Js 1 Js 1 



(/ / Z)XW = ( / y)xw= Hn-2,m°( / C X Ci), ( / / W )AWi 



s 1 J s 1 J s 1 J s 1 



B{ / w ,wi) + (/ / ui )xhi + ( / h )xui-( / h )x5hi + ( / c x ci)' 
JS 11 J5 1 J5 1 JS 1 JS 1 JS 1 JS 1 Js 1 JS 1 JS 1 

The natural chain homotopies f sl J sl B(— , — ), B(j sl J sl —,—) are chain homotopic by Acyclic 
Models. They therefore differ on closed forms only by coboundaries. Select a homotopy H : 
I x Y?E n ^ 2 x E m -4 £ n+m from 

l^n,m 

o (e n _! o 

It suffices to show that the pullback under (J" sl J sl Co) x ci of 

/ / (£„_! o Se n _ 2 x id m )*M n>m - [ ^-^((4* )- 1 )* in+m _ 2 - M n _ 2 , m 

is a coboundary. As usual, applying 5 yields zero and the result follows. For more details, 
especially on the use of Acyclic Models here, we refer to |Upm|. □ 

We close with our main result: 

Theorem 4.9. Let E be a rationally even, multiplicative cohomology theory. Then there exists a 
differential extension E* to a multiplicative differential cohomology theory in the sense of /BS '10] 
which is a contravariant functor to the category of unital graded commutative rings. Moreover, 
the product structure is compatible with integration (Proposition ^. 7\ ). 



Proof. Since pullback /* along smooth maps / : M — > N is compatible with integration (Propo- 
sition [33]) it follows from Proposition 14.21 that /* preserves the product also in odd degrees. □ 
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